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Abstract
We prove that if (un)n0 is a sequence of rational numbers satisfying a recurrence of the type
f0(n)un+2 + f1(n)un+1 + f2(n)un = 0,
where fi(X) ∈ Q[X] are not all zero for i = 0,1,2, which is not binary recurrent for all sufficiently large n,
then there exists a positive constant c depending on the sequence (un)n0 such that the product of the
numerators and denominators of the nonzero rational numbers un for all n N has at least c logN prime
factors as N → ∞.
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1. Introduction
Let (un)n0 be a sequence of rational numbers satisfying a recurrence of the type
f0(n)un+2 + f1(n)un+1 + f2(n)un = 0 for n = 0,1, . . . , (1)
where fi(X) ∈ Q[X] for i = 0,1,2 not all zero. Such a sequence is called binary polynomially
recurrent, or binary holonomic. Assume further that (un)n0 is not binary recurrent from some
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that
aun+2 + bun+1 + cun = 0
holds identically for all n > n0. Write un = an/bn, where an, bn  1 are coprime integers. In this
paper, we look at the number of prime factors of the number
U(N) =
∏
nN
an =0
anbn.
For a nonzero integer m let ω(m) be the number of distinct prime factors of m. We prove the
following result.
Theorem 1. Under the previous assumptions, there exists a positive constant c depending on the
sequence (un)n0 such that the inequality
ω
(
U(N)
)
> c logN (2)
holds for all N > 1.
Recall that for n  1, the nth Motzkin number mn counts the number of lattice paths in the
Cartesian plane starting at (0,0), ending at (n,0), and which use line steps equal to either (1,0)
(level step), or to (1,1) (up step), or to (1,−1) (down step), and which never pass below the
x-axis. It is well known that m1 = 1, m2 = 2 and that (mn)n1 satisfies recurrence (1) for all
n 1 with f0(X) = X + 2, f1(X) = 2X + 1 and f2(X) = 3(X − 1). In [3], it was shown that if
we write
MN =
N∏
n=1
mn,
then
ω(MN) 10−4 logN (N  1)
and it was remarked that the same method yields a similar result when the sequence (mn)n1 of
Motzkin numbers is replaced by the sequence (sn)n1 of Schröder numbers. Hence, our Theo-
rem 1 above shows that the above inequality on the number of distinct prime factors of such terms
up to N holds for all binary holonomic sequences which are not binary recurrent from some point
on. It is clear that we need to neglect binary recurrences since geometrical progressions are of
this type and inequality (2) fails for them.
In the same context, but by a different method, we recall that Shparlinski [4] showed that if
Bn is the nth Bell number and
B(N) =
∏
Bn,nN
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ω
(
B(N)
)
>
logN
2 log logN
holds for sufficiently large values of N . More information and references concerning the
Motzkin, Schröder and Bell numbers can be found in [5].
Throughout this paper, we use the Landau symbols O and o and the Vinogradov symbols 
and  with their usual meanings. We recall that for functions A and B , A = O(B), A  B and
B  A are all equivalent to the fact that there exists a constant c > 0 such that the inequality
|A| c|B| holds, while A = o(B) means that the ratio A/B tends to zero.
2. Preliminary results
We start with the following preliminary result. Let κ  1 be a positive integer. Let L :
Qκ+1 → Q be a linear form given by L(x) = a0x0 +· · ·+ aκxκ , where x = (x0, . . . , xκ) ∈ Qκ+1.
Lemma 2. Let (un)n0 be any binary holonomic sequence. Let κ  1 be an integer and L be a
linear form L :Qκ+1 → Q. Let vn = L(un, . . . , un+κ ). Then (vn)n0 is also a binary holonomic
sequence.
Proof. This follows from arguments similar to the ones used in Lemma 4 in [2]. Indeed, let us
assume that f0 is not zero. It follows by induction on k  0 that there exist rational functions
pk(X), qk(X) such that
un+k = pk(n)un+1 + qk(n)un for all n 0.
Indeed, for k = 0 we may take p0 = 0 and q0 = 1 and for k = 1 we may take p1 = 1 and q1 = 0.
Assuming that the above claim holds at both k and k + 1, then
un+k+2 = −f1(n + k)
f0(n + k)un+k+1 −
f2(n + k)
f0(n + k)un+k
= −f1(n + k)
f0(n + k)
(
pk+1(n)un+1 + qk+1(n)un
)
− f2(n + k)
f0(n + k)
(
pk(n)un+1 + qk(n)un
)
= pk+2(n)un+1 + qk+2(n)un,
where
pk+2(n) = −
(
f1(n + k)
f0(n + k)pk+1(n) +
f2(n + k)
f0(n + k)pk(n)
)
and
qk+2(n) = −
(
f1(n + k)
qk+1(n) + f2(n + k)qk(n)
)
.f0(n + k) f0(n + k)
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vn = L(un+1, . . . , un+κ) = a0(n)un+1 + b0(n)un,
where
a0(n) =
κ∑
i=0
aipi(n) and b0(n) =
κ∑
i=0
aiqi(n).
Similarly, we obtain that
vn+1 = a1(n)un+1 + b1(n)un and vn+2 = a2(n)un+1 + b2(n)un,
where
a1(n) =
κ+1∑
i=1
ai−1pi(n), b1(n) =
κ+1∑
i=1
ai−1qi(n),
a2(n) =
κ+2∑
i=2
ai−2pi(n), b2(n) =
κ+2∑
i=2
ai−2qi(n).
We now choose c0(X), c1(X) and c2(X) in Q(X) such that the vector (c0(X), c1(X), c2(X)) is
orthogonal to both vectors (a0(X), a1(X), a2(X)) and (b0(X), b1(X), b2(X)). It is clear that this
can be done in such a way that not all ci(X) are zero for i = 0,1,2. Then
2∑
i=0
ci(n)vn+i =
( 2∑
i=0
ci(n)ai(n)
)
un+1 +
( 2∑
i=0
ci(n)bi(n)
)
un = 0
for all n, which completes the proof of this lemma. If f0 = 0 but f1 is not zero, then the same
argument applies by making the substitution n → n − 1. Finally, if f0 = f1 = 0, we get that f2
is nonzero and so un = 0 for all n sufficiently large. Thus, vn = 0 for all n sufficiently large and,
in particular, (vn)n0 is binary holonomic. 
Another ingredient that we will need is a particular version of the subspace theorem of
Schmidt and Schlickewei worked out by Evertse in [1].
For a nonzero rational number x and a prime number p we put ordp(x) for the exact order
at which p appears in the factorization of x. Let MQ be the set of all prime numbers and ∞.
For x ∈ Q∗ and w ∈ MQ we put |x|w := |x| if w = ∞ and |x|w := p−ordp(x) if w is the prime
number p. When x = 0, we set ordp(x) := ∞ and |x|w := 0. Then the product formula
∏
w∈M
|x|w = 1 holds for all x ∈ Q∗.
Q
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w ∈ MQ write
|x|w :=
(
N∑
i=1
x2i
)1/2
if w = ∞,
and
|x|w := max
{|x1|w, . . . , |xN |w} otherwise.
Then
H(x) :=
∏
w∈MQ
|x|w.
For a linear form L(x) =∑Ni=1 aixi with a = (a1, . . . , aN) ∈ QN , we write H(L) :=H(a).
We now let N  1 be a positive integer, S be a finite subset of MQ of cardinality s contain-
ing ∞ and for every w ∈ S we let L1,w, . . . ,LN,w be N linearly independent linear forms in N
indeterminates with coefficients in Q satisfying
H(Li,w)H for i = 1, . . . ,N and w ∈ S.
Theorem 3. Let 0 < δ < 1 be fixed and consider the inequality
∏
w∈S
N∏
i=1
|Li,w(x)|w
|x|w <
( ∏
w∈S
∣∣det(L1,w, . . . ,LN,w)∣∣w
)
·H(x)−N−δ. (3)
Then the following hold:
(i) There exist proper linear subspaces T1, . . . , Tt1 of QN , with
t1 
(
260N
2 · δ−7N )s
such that every solution x ∈ QN \ {0} of (3) satisfying H(x)H belongs to T1 ∪ · · · ∪ Tt1 .
(ii) There exist proper linear subspaces T ′1, . . . , T ′t2 of QN , with
t2 
(
150N4 · δ−1)Ns+1(2 + log log(2H))
such that every solution x ∈ QN \ {0} of (3) satisfying H(x) < H belongs to T ′1 ∪ · · · ∪ T ′t2 .
We shall apply Theorem 3 above to a certain finite subset S of MQ and certain systems of
linear forms Li,w with i = 1, . . . ,N and w ∈ S. Moreover, in our case, the points x for which (3)
will hold will be in (Z∗)N . In particular, |x|w  1 will hold for all w ∈ MQ \ {∞}, as well as the
inequalities
1H(x)
∏
|x|w,
w∈S
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1H(x)
∏
w∈S
|x|w N · max
{|xi | ∣∣ i = 1, . . . ,N}.
Finally, our linear forms will have integer coefficients and will satisfy the condition
det(L1,w, . . . ,LN,w) = ±1 for all w ∈ S. (4)
With these conditions, the following statement is a straightforward consequence of Theorem 3
above.
Corollary 4. Assume that (4) is satisfied, that 0 < δ < 1, and consider the inequality
∏
w∈S
N∏
i=1
∣∣Li,w(x)∣∣w < N−δ · (max{|xi | ∣∣ i = 1, . . . ,N})−δ. (5)
Then there exist proper linear subspaces T1, . . . , Tt1 of QN , with
t1 
(
260N
2 · δ−7N )s
such that every solution x ∈ ZN \ {0} of inequality (5) satisfying H(x)  H belongs to T1 ∪
· · · ∪ Tt1 .
We will also need the following result on smooth numbers; i.e., positive integers n whose
largest prime factor is small with respect to their size. We put P(n) for the largest prime factor
of n. For positive real numbers x  y  3, we put Ψ (x, y) = #{n  x: P(n)  y}. The next
result follows from de Bruijn’s estimates for the function Ψ (x, y) (see, for example, Theorem 2
on p. 359 of [6]).
Lemma 5. The estimate
Ψ (x, logx log logx) = xO(log logx/ log log logx)
holds uniformly for all x  3.
We shall not apply Lemma 5 but the following consequence of it.
Lemma 6. Let f (X),g(X) ∈ Z[X] be polynomials of degreesD such that the rational function
f (X)/g(X) ∈ Q[X] is not constant. Let N be a positive integer and let S be a set of primes of
cardinality s  1. Let
Vf/g,S(N) =
{
nN : g(n) = 0 or f (n)/g(n) consists of primes p ∈ S}.
Then there exists a positive integer Δ depending only on f and g such that
#Vf/g,S(N) 2DΔ ·Ψ
(
ND+1,2s log(s + 2))
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common divisor of f and g and f = df1, g = dg1, the number Δ can be taken to be resultant
of f1 and g1 and it satisfies Δ (2D)!(H)2D , where H is an upper bound for the absolute value
of the coefficients of f1 and g1.
Proof. Since we are interested only in the values of the ratio f (n)/g(n) as n ranges through the
set of positive integers nN , we may assume that f and g are coprime as polynomials. Hence,
d = 1, f1 = f , g1 = g and H is an upper bound for the absolute value of the coefficients of f
and g.
There exists a positive integer Δ such that gcd(f (n), g(n))  Δ for all positive integers n.
Indeed, to see this, recall that since f (X) and g(X) are coprime as polynomials, there exist
u(X), v(X) ∈ Q[X] such that u(X)f (X) + v(X)g(X) = 1. Letting Δ be the least common
multiple of the denominators of all the coefficients of u and v, we get that (Δu(X))f (X) +
(Δv(X))g(X) = Δ, and both Δu(X) and Δv(X) have integer coefficients. Evaluating the above
relation in n for n ∈ N, we get that gcd(f (n), g(n)) | Δ. In practice, the number Δ can be
bounded using the resultant of the polynomials f and g and it satisfies Δ (2D)!H 2D .
Assume now that f (n)/g(n) is a number build up only of primes from S . The above con-
siderations tell us that there exists a positive integer Δ1  Δ such that f (n) = ±Δ1s1 and
g(n) = ±Δ1s2, where both s1 and s2 are positive build up only with primes from S and at
least one of the polynomials f and g has positive degree since f/g is not constant. We may
assume that f is not constant. Since both f and g have degrees at most D, it follows that
max{|f (n)|, |g(n)|: nN} < ND+1 if N > N0. Thus, max{s1, s2}ND+1. Let
T = {1 s ND+1: s consists only of primes p ∈ S}.
For each s ∈ T , Δ1  Δ and ε ∈ {±1}, the equation f (n) = εΔ1s has at most D solutions n
because f is not constant. Hence,
#Vf/g,S(N)
∑
1Δ1Δ
∑
ε∈{±1}
∑
s∈T
D  2DΔ#T .
Hence, it suffices to show that #T  Ψ (ND+1,2s log(s + 2)) if N  N0. Letting pi stand for
the ith prime, it is clear that for N fixed and S variable, #T is maximal when S = {p1, . . . , ps},
where pi is the ith prime. Since pk  2k log(k + 2) holds for all k  1, the result of the lemma
follows. 
Throughout the proof of Theorem 1 we shall use Lemma 6 when s = logN . In this case,
Lemma 6, the fact that
2(logN) log(logN + 2) log(ND+1) log(log(ND+1))
for large N , and Lemma 5, show that
#Vf/g,S(N) 2DΔNo(1)
as N tends to infinity. We shall use this fact several times.
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Before starting the proof of this theorem, we will outline our strategy. We start by assuming
that s  logN since otherwise the theorem follows. Let S be the set of all prime factors of U(N).
Assume that n > n0 is large (larger than any of the roots of f0f1f2). Assume that one of the fi ’s
is the zero polynomial. Say f0 = 0. Then f1/f2 is not constant but f1(n)/f2(n) is a ratio of two
values of the sequence (un)nn0 . Hence, all [n0,N] ⊂ Vf1/f2,S(N) and now Lemmas 6 and 5
lead to a contradiction for large N . So, we may assume that f0f1f2 is not the zero polynomial.
If un = 0, then f1(n)/f2(n) is again build up from primes in S and by Lemmas 6 and 5 the
number of such values for n is small. Thus, we may assume that unun+1un+2 = 0. Bring these
three numbers to the same denominator, and then simplify the greatest common divisor of the
resulting numerators. If the three numbers we are left with are “small,” we then apply again
Lemmas 6 and 5 to get that there are not too many such n’s, while if one of the three numbers
we are left with is “large,” we then apply the subspace theorem which leads us again to situations
where Lemmas 6 and 5 are applicable.
We now give details.
We assume that N is large and we write S for the set of prime factors of all the nonzero num-
bers anbn for n  N , where un = an/bn and gcd(an, bn) = 1. We may assume that s  logN ,
otherwise we are done.
Assume that max{deg(fi): i = 0,1,2}D, where D  1 is an integer. We also assume that
fi(X) ∈ Z[X]. We first deal with the case when one of the polynomials fi(X) for i = 0,1,2
is the zero polynomial. If two of the polynomials fi(X) are zero then the third one is not
and relation (1) implies that un = 0 holds for all large n. Assume now that only one of the
polynomials fi(X) is the zero polynomial. Suppose, for example, that f2 = 0. Recurrence (1)
is then f0(n)un+2 + f1(n)un+1 = 0. It is clear that if n is sufficiently large (larger than
the largest positive root N0 of f0(X)f1(X)), then un = 0 (otherwise un will be zero for all
n  N0). Thus, f1(n)/f0(n) = −un+1/un. We may assume that f0(X) and f1(X) are coprime
as polynomials. It is clear that the rational function f1(X)/f0(X) is non-constant (otherwise
(un)nN0 is a geometrical progression). Since un+1/un consists only of primes from S , and
2s log(s + 2)  log(ND+1) log log(ND+1) holds for all s  1, Lemmas 6 and 5 show that the
number of such positive integers n is No(1) as N → ∞, which is a contradiction. Thus, s > logN
holds for large N .
From now on, we assume that f0f1f2 is not the zero polynomial. Rewrite relation (1) as
D∑
i=0
Li(un,un+1, un+2)ni = 0, (6)
where Li are linear forms in Q3. Some of these linear forms might be identically zero, but since
the fi are not the zero polynomials for i = 0,1,2, there exists j ∈ {0,1, . . . ,D} such that Lj is
not the zero form. Let vn = Lj (un,un+1, un+2), and let gi(X) ∈ Z[X] be polynomials, not all
zero, such that
g0(n)vn+2 + g1(n)vn+1 + g2(n)vn = 0 for n = 0,1, . . . . (7)
The fact that the polynomials gi(X) exist such that relation (7) above is satisfied has been estab-
lished in Lemma 2.
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We let I = [N1 + 1,N ] and we split I into several subsets. We let I1 = {n ∈ I: vn = 0}. We
show that #I1  (N − N1)/2 + 1. Indeed, assume that this is not the case. Then there exist
n0 ∈ I such that both n0 and n0 +1 are in I1. Hence, vn0 = vn0+1 = 0. Evaluating recurrence (7)
at n0 and using the fact that g0(n0) = 0 (because n0 > N1), we get that vn0+2 = 0. By induction,
we get that vn = 0 for all n  n0, which shows that (un)nn0 is binary recurrent, which is not
the case. We now let I2 = {n ∈ I \ I1: un = 0}. To bound I2, we first note that the projective
point [f0(X),f1(X),f2(X)] is not constant in P2(Q(X)). Indeed, for if it were constant, then
there would exist a nonzero polynomial f (X) ∈ Q[X] and rational numbers λ,μ, ν not all zero,
such that (f0(X),f1(X),f2(X)) = f (X)(λ,μ, ν). Inserting this relation in recurrence (1), we
would get that f (n)L(n) = 0, where L(n) = λun+2 + μun+1 + νun. This relation implies that
L(n) = 0 for all n > N1, therefore (un)nN1 is binary recurrent, which is not the case. Hence, ei-
ther f0(X)/f1(X) or f0(X)/f2(X) is not a constant rational function. Assume that f0(X)/f1(X)
is not a constant rational function. Then, if n ∈ I2, then f0(n)un+2 + f1(n)un+1 = 0. It is clear
that un+1un+2 = 0. Indeed, if one of un+1 or un+2 is zero, then the other one is also zero be-
cause n > N1. By induction, we get that un = 0 for all n > N1 which is not the case. Hence,
f1(n)/f0(n) = −un+2/un+1. The argument used to deal with the case when one of the polyno-
mials fi(X) is the constant zero polynomial now shows that
#I2 No(1) (N → ∞).
We now write
I3 = {n ∈ I: n ∈ I2 or n + 1 ∈ I2 or n + 2 ∈ I2}.
It is clear that
#I3  3#I2 No(1) (N → ∞).
We now look at the numbers n ∈ I \ (I1 ∪ I3). Note that such numbers have the property that
Lj (un,un+1, un+2) = 0 and unun+1un+2 = 0. Define wn to be the unique rational number such
that un = λnwn, un+1 = μnwn, un+2 = νnwn holds with three coprime integers λn, μn, νn.
To construct wn, we let its denominator δn be the least common denominator of un, un+1 and
un+2 and its numerator to be the greatest common divisor of the three integers unδn, un+1δn
and un+2δn. We remark that all prime factors of λn, μn and νn are in S which has cardinality s.
We now let I4 be the set of those n ∈ I \ (I1 ∪ I3) such that
max
{|λn|, |μn|, |νn|}N8D.
In this case, the triple (λn,μn, νn) can take at most
O
(
Ψ
(
N8D,2s log(s + 2))3)
values. For each one of these values, recurrence (1) becomes a polynomial equation in n which
is nontrivial (because vn = Lj (un,un+1, un+2) = wnLj (λn,μn, νn) = 0), therefore n can have
at most D values. This shows that
#I4  Ψ
(
N8D,2s log(s + 2))3 = No(1)
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Each such n leads to an equation of the type
f0(n)νn + f1(n)μn + f2(n)λn = 0,
where λn, μn, νn are nonzero integers with gcd(λn,μn, νn) = 1 and
max
{|λn|, |μn|, |νn|}> N8D.
We assume that |νn| = max{|λn|, |μn|, |νn|} since the remaining two cases can be dealt with
analogously. We write
X = f0(n)λn, Y = f1(n)μn, Z = −f2(n)νn.
Since X + Y = Z, we get that
Δn = gcd(X,Y ) = gcd(X,Z) = gcd(Y,Z).
Furthermore, since gcd(λn,μn, νn) = 1, we get that Δn | f0(n)f1(n)f2(n), therefore Δn  N3D .
We write X1 = X/Δn,Y1 = Y/Δn,Z1 = Z/Δn. Let S1 be the subset of those primes p ∈ S such
that p | νn. It is clear that S1 can be chosen in 2s ways. We let P = S ∪ {∞} and consider the
linear forms L1,v(x, y) = x for all v ∈P and L2,v(x, y) = y if v ∈P \S1 and L2,v(x, y) = x+y
if v ∈ S1. We compute the double product
2∏
i=1
∏
v∈P
∣∣Li,v(X1, Y1)∣∣v.
It is clear that
∏
v∈P
∣∣L1,v(X1, Y1)∣∣v  ∣∣f0(N)∣∣ ND,
∏
v∈P\S1
∣∣L2,v(X1, Y1)∣∣v  ∣∣f1(N)∣∣ ND,
while
∏
v∈S1
∣∣L2,v(X1, Y1)∣∣v  1(|νn|/Δn) 
N3D
|νn| .
Thus, since |νn|N8D , we then get that
2∏
i=1
∏
v∈P
∣∣Li,v(X1, Y1)∣∣v  N5D|νn| 
N6D
|f2(n)νn| 
N6D
|Z1|
 11/7 
(
max
{|X1|, |Y1|})−1/7.|Z1|
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zero such that each one of those solutions (X1, Y1) has the property that AX1 + BY1 = 0. Since
A,B are not both zero and X1Y1 = 0, we get that AB = 0, and that Y1/X1 = −A/B . Since
X1 + Y1 = Z1, we get that Z1/X1 = 1 − A/B . Summing up over all the possibilities for S1, we
arrive at the conclusion that there exist m rational numbers γi , with m  exp(O(s)), such that
each n ∈ I5 satisfies (
f1(n)un+1
f0(n)un+2
,
f2(n)un
f0(n)un+2
)
= (γi,1 + γi),
for some i = 1, . . . ,m, where {γi}mi=1 are all the possible values for −A/B . One of the two ra-
tional functions f1(X)/f0(X) and f2(X)/f0(X) is non-constant. We only treat the case when
f1(X)/f0(X) is non-constant, since the remaining case can be dealt with analogously. Further-
more, one of f0(X) and f1(X) is not constant (since their ratio is not) and we assume that f0(X)
is not constant.
Let Ji be the set of those n in I5 such that the above relation holds with γi . Let z be a
parameter to be chosen later. We fix i. We first count the number of those n ∈ Ji such that
|n − n′|  z holds for at most D2 values of n′ ∈ Ji different than n. Clearly, the number of
such n cannot exceed O(z + N/z) = O(N/z) if z < √N . We now count those n ∈ Ji such that
|n − n′|  z holds with at least D2 other values of n′ ∈ Ji . We may assume that n′ > n and
we write n′ = n + k. Since k takes at least D2 different values, we may assume that k is not
of the form α − αs , where α1, . . . , αD0 are all the (distinct) roots of f0(X). We then look at
f1(n + k)/f0(n + k) = γiun+k+2/un+k+1. We then get that
f0(n)f1(n + k + 1)
f1(n)f0(n + k) =
un+1un+k+2
un+2un+k+1
.
It is clear that the two polynomials g = f0(X) and h = f0(X + k) are coprime as polynomi-
als (because k is not the difference of two roots of f0(X)). Thus, gcd(f0(n), f1(n)f0(n + k)) |
Res(g, f1h), where Res(g, f1h) is the resultant of the two polynomials g and h. It is clear that
|Res(g, f1h)|  (kD)3D = k3D2 . Thus, gcd(f0(n), f1(n)f0(n + k)) divides a nonzero integer
of the size O(z3D2). The above equation now tells us that f0(n) = d1m, where d1 and m are
nonzero integers with |d1|  z3D2 and m is divisible only by primes from a fixed set with s
primes. Clearly, |m| < ND+1 holds for large N . Using again Lemmas 6 and 5, and summing up
over k, we therefore get that
#I5 
(
z3D
2+1 + N
z
)
exp
(
O(s)
)
Ψ
(
ND+1,2s log(s + 2))

(
z3D
2+1 + N
z
)
exp
(
O(s)
)
No(1)
as N → ∞. We may now choose z = N1/(3D2+2), and since the union of Ii for i = 1,2,3,4,5
cover [N0 + 1,N ], we obtain immediately that
s  logN.
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